The Geometry of LISTA

ing algorithm (ISTA) and its acceler-
ated variant, fast ISTA (FISTA), are
classical signal processing methods used
to solve the least absolute shrinkage and
selection operator (LASSO) problem [1].
This problem spans various applications,

T he celebrated iterative soft-threshold-

including medical imaging, direction-of-
arrival estimation, astronomy, and sparse
coding. Within the broader trend in sig-
nal processing of transitioning from clas-
sical model-based approaches to deep
learning-based methods, the learned
ISTA (LISTA) algorithm was proposed
as a way to solve the LASSO problem
using deep learning while preserving the
original ISTA structure [2].

LISTA learns a fast approximation
to the LASSO problem by casting the
weight matrices of the ISTA algorithm
as learnable parameters and making
them unique for each iteration, a tech-
nique now known as deep unfolding [3].
LISTA achieves superior reconstruction
results in fewer iterations compared to
ISTA. This is due to two main factors.
First, by learning its weights, LISTA
addresses potential modeling mismatch-
es, such as imperfect knowledge of noise
behavior or the forward model. Second,
even with an accurately known model,
the sparsifying basis might be too com-
plex to implement efficiently using
classical methods. Here, we consider a
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geometric interpretation to gain insight
into why LISTA performs well with
significantly fewer iterations (or folds)
compared to ISTA. To that end, we use
the fact that both models are continuous
piecewise linear (CPWL) functions. Our
main contributions are as follows:

® We demonstrate that existing bounds
on the complexity of the geometry
for ISTA and LISTA are insufficient
to explain their differences; their
geometries must be assessed experi-
mentally.

® We introduce the concepts of expect-
ed knot density and decision density
as practical metrics to evaluate the
geometry of these algorithms.

m We establish a lower bound on the
maximum a posteriori (MAP) opti-
mal decision density for sparse lin-
ear inverse problems.

® We demonstrate the effect of the loss
function on the geometry of LISTA.
Training LISTA with an L1 norm
produces fewer larger regions and a
lower knot density compared to an
L2 loss, which creates many small
regions and a higher knot density.

m We highlight that LISTA converges
faster than ISTA and, when trained
with L1, produces a simpler geome-
try with lower knot and decision
densities closer to the optimal.

Linear inverse problems

and (L)ISTA

We consider linear inverse problems of
the form y = Ax +n, where y € R" is
the measurement, x € RY is the signal
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of interest that we want to reconstruct,
A € RY*N is the measurement matrix,
and n~ N(0,ca]) is additive noise.
Furthermore, M < N, which results in
an underdetermined system with poten-
tially infinite solutions. We assume
the signal contains at most K nonzero
entries, i.e., | X Ho < K. A solution to this
problem may be found by solving the
LASSO problem

% € argmin 3 Ax—y |3 + 2|x[, (1)

where A is a weighting factor that deter-
mines the relative importance of the
Laplacian sparsity prior on X versus the
reconstruction likelihood with respect to
y. The ISTA algorithm solves this prob-
lem iteratively using a proximal approach,
taking gradient steps to minimize the
squared error between the observed and
estimated measurements and applying
the soft-thresholding operator Sy to pro-
mote sparsity.

29=(I-pA"A)X"" D+ uAy ()
x=8,(z?) €))

where u controls the size of the gradi-
ent steps that minimize the reconstruc-
tion loss. The initial solution x'” could
be arbitrarily chosen from xPe RV,
however, here, we follow the common
practice of setting it to zero. The soft-
thresholding operator solves the subprob-
lem argminy(1/2) [x —z® |3+ A | x|;.

Si(z) = sign(z) max (abs(z) — 1,0). (4)
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ISTA requires many iterations to
converge, and its accuracy depends on
precise knowledge of the forward model
A. These challenges led to the develop-
ment of LISTA, which replaces the
linear transformations I— zA"A and
uA" with learned weight matrices wY
and WY that can vary with each itera-
tion ¢, yielding

x0=Su W+ W) (5)

While random initialization of the
trainable parameters is possible, we
kick-start the training process by ini-
tializing the parameters of LISTA
using those of the ISTA algorithm,
W =1-A"A and WY = A", for all
iterations ¢. The learnable parameters
for LISTA are then optimized by mini-
mizing a loss function comparing the
target vector x to the predicted vectors
x". We will test both mean squared
error (L2) and mean absolute error (LL1)
between x and x” as the loss function
for LISTA.

Structure and properties

of CPWL functions

The geometry of both ISTA and LISTA
can be described using the concept
of CPWL functions. Following [4], a
CPWL function is defined as shown in
Definition 1.

Definition 1

A function f:RY - R"Y is CPWL if
it is continuous, and there exists a set
{f?€ {1,...,Q}} of affine functions
and closed subsets ((L,)(?:1 of RM

Input Space

with nonempty and pairwise disjoint
interiors such that U§=1 Q,=RM and
fie,= f?on Q. The Q, are called the
projection regions.

Note that f'is single-valued and con-
tinuous across RY as each input lies
in exactly one region with a uniquely
defined affine mapping. Addition-
ally, ISTA and LISTA are both CPWL
functions as they comprise a composi-
tion of CPWL functions (linear trans-
formations and the soft-thresholding
operator) [4]. An example of the pro-
jection regions created by a single
iteration of ISTA is shown in Figure 1.
Here, an ISTA algorithm operating on
f:R?*—R? splits the input space into
eight linear projection regions. By
splitting each projection region into its
convex components, we obtain a set of
convex regions, II=(Pi,..., Pr). The
minimum number of convex regions L
that is obtained is termed the number
of convex regions. In Figure 1, the 8
projection regions are split into 19 con-
vex regions.

The number of regions is a useful
parameter in the geometrical analysis of
nonlinear models, indicating the model’s
complexity and ability to have different
input—output relationships. The number
of regions is only one aspect; the distri-
bution and location of the regions are
also significant. For instance, in clas-
sification, regions tend to concentrate
around the decision boundaries |[5].
While CPWL analysis is often discussed
in the context of neural networks, like
LISTA, these tools are equally appli-
cable to ISTA.

Geometric analysis of ISTA

and LISTA

Without considering the effects of param-
eter selection, the geometric complexity
of (ISTA can already be bounded from
above by rewriting the upper bound pro-
vided by Goujon et al. [4].

Number of projection regions < (2")"
(6)

Number of convex regions < @Y. (1)

These bounds represent the theo-
retical maximum number of regions
but do not necessarily reflect those
obtained in a realized model, where
‘realized’ refers to LISTA after training
and ISTA after hyperparameter tuning.
For instance, in Figure 1, we observe
19 convex regions for a single ISTA
iteration, while (7) gives a maximum
of 27. Another way to upper bound the
number of projection regions is to view
the linear inverse problem as a classifi-
cation task. Once the support S of the
reconstruction is known, the LASSO
problem can be bypassed, and the opti-
mal MAP solution is

Xs= argmin“ Asxs—y|3 (8)
xs=(ASAs) 'Afy=Aly (9

where X5 contains only the nonzero ele-
ments of x, and Ay is the submatrix of
A corresponding to indices in S. A§
denotes the Moore-Penrose pseudoin-
verse. Because each of the possible sup-
ports has one associated optimal linear
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FIGURE 1. An example of the linear regions produced by a single iteration of ISTA on the input space y (with dimensions M =2 and N = 3). 8 linear
projection regions (Q,) and 19 convex piecewise linear regions (7,) are produced. A random path (white) across the input space is also shown in the
overall plot, along which several knots (black) are observed. The rightmost visualization shows the regions in 3D to visualize the output x e R* we take

the sum of the individual components.
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projection, an optimal model should not
assign more regions than the total num-
ber of possible supports.!

Optimal number of projection regions
k (N
<> ( )
So\k

This leads to two key observations.
First, the bounds in (6) and (7) are
identical for ISTA and LISTA given
the same number of iterations. How-
ever, LISTA typically yields a solu-
tion in far fewer iterations than ISTA,
making these bounds insufficient to
explain their differences. Second, the
bound in (6) is often much larger than
the optimal number in (10), even for
T =1, since K< N. Yet, both ISTA
and LISTA usually require multiple
iterations to reach a good solution.
We hypothesize that having enough
regions is not sufficient; correct
placement and boundary shaping are
also critical. Therefore, methods to
assess the geometry of realized mod-
els are needed.

One such method is to finely sample
the input space and compute the Jacobi-
an at each point; samples with identical
Jacobians belong to the same projec-
tion region. Mathematically, this can be
expressed as

(10)

Number of projection regions

~[{Jacobian(f(y)) |y € G}| (11)
where G C R is a grid of sampling
points,  Jacobian(f(y))  denotes
the Jacobian of f at location y.
This approach was used to gener-
ate Figure 1. However, it relies on
dense grid sampling, which becomes
impractical in high dimensions and
cannot be visualized beyond two
dimensions. To overcome this issue,
we slice the input space along a 2D
plane defined by three anchor points,
called ao, a1, a2 (e.g., dataset sam-
ples). This consists of sampling a grid
of points in 2D, H C R? and project-
ing them into y space

'A proof of which can be found on the associated GitHub
page: https://github.com/OisinNolan/geometry_of_lista/
blob/main/proof.pdf.

Number of projection regions along a

slice =~ [{Jacobian(f(Bh+b))|he H }|
(12)

where Be RY*? and be R define
the 2D slice. To align with the anchor
points, these are set as

b=ay, B=[a;—ao,a,—ao]. (13)

The number of regions on such a slice
can also be computed using SplineCam
[5], which constructs and back-projects
nonlinearity boundaries as graphs. Note
that SplineCam operates only on 2D slices.

A more scalable alternative is to
estimate the expected knot density, as
proposed by Goujon et al. [4]. A “knot”
refers to a nonlinear point of an activa-
tion function. For example, a rectified
linear unit has a single knot at zero,
while the soft-thresholding operator has
two at £A. The knot density measures
the number of knots encountered along
arandom path y in the input space, nor-
malized by the path length (see Figure 1).
Itis inversely related to the size (and thus
the number) of convex linear regions pro-
duced by a CPWL function [4]. While
Goujon et al. provided bounds for ran-
domly initialized models, these do not
distinguish between ISTA and LISTA.
We therefore compute the expected knot

Box 1: Pseudocode for knot density calculation

Input: (Discrete) Path-generating distribution p,, (L)ISTA

model £(.), number of MC trials L

Output: p.
1: kt=0, A=0
2: for =1 to L do // Expectation through MC
3: y~p, //Saompleapath *
4:  A=A+length(y)
5:  J=1Jacobian(f(y,)) // Inifial Jacobian
6: for i=2 to length(y) do
7: J =Jacobian(f(y.)) // Other Jacobian
8: if J'#J then // Jacobian change detected
9: kt =kt +1

10: end if

11: J=J // Set new initial Jacobian

12:  end for

13: end for

14:

pu=kt/A // Knot density

*Note that in practice, a path ¥ is represented as a discrete

seq

defined by the distribution p,.. We denote the ith point along this

seq

uence of points sampled from a continuous trajectory

uence as ;.
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density for realized models under a cho-
sen path-generating distribution that can
be implemented in code. This provides
a tractable and model-agnostic proxy
for geometric complexity that scales to
high-dimensional settings, where direct
region counting is infeasible. It also
enables a fair comparison between ISTA
and LISTA under realistic parameter-
izations. The expected knot density is
defined as

ki

Ta

where pi: is the expected knot density,
kt} is the number of knots encountered
by function f along path y, and [,dl is
the path length. In our case, f is imple-
mented by ISTA or LISTA. We estimate
this quantity using Monte Carlo (MC)
sampling, as shown in Box 1.

To compare with the optimal solu-
tion, which depends on support recov-
ery, we extend our analysis to include
the recovered support. Instead of using
the full Jacobian, we binarize it to visu-
alize support cardinality. This leads to
the definition of decision density

pa=Ey-p, (14)

dj

= Eyep, | 7 (15)
Pd Y~p fdl

Y

where d} counts the number of support
changes (decision boundaries) along y.
By definition, ps < pi. A large
gap between the two indicates that
many CPWL regions correspond
to a single decision region, while a
small gap suggests a more efficient
mapping. As shown earlier, the opti-
mal MAP solution ideally uses one
CPWL region per decision region,
making a small gap desirable. We
can lower bound the optimal decision
density by noting that two randomly
sampled signals x will almost surely
have different supports when K < N.
A straight path between them should
therefore cross at least one decision
boundary. Thus, the optimal decision
density in input space is bounded.

. 1
Optimal pa = Ey, yo~p» [M]

(16)


https://github.com/OisinNolan/geometry_of_lista/blob/main/proof.pdf
https://github.com/OisinNolan/geometry_of_lista/blob/main/proof.pdf

Experimental setup and
evalvation criteria

To assess the differences between ISTA
and LISTA in realized models, we use
an experimental approach.” We expect
different geometrical behavior between
ISTA and the two LISTA models (L1 or
L2 loss), both quantitatively and quali-
tatively. Quantitative differences will be
assessed in terms of knot density, deci-
sion density, and reconstruction perfor-
mance on the hold-out test set. A model
is considered better if it has a small gap
between knot and decision density, a
decision density close to the optimal,
and a lower loss. We hypothesize that
both LISTA models will achieve supe-
rior reconstruction results compared to
ISTA with few iterations. However, when
run for several hundred iterations, ISTA
is expected to catch up in reconstruction
performance, assuming exact knowledge
of the forward model. Additionally, we
expect LISTA to approach the optimal
knot density at earlier iterations.

To test qualitative differences, we
will use a 2D slice on the input anchored
on three one-sparse orthogonal data-
points. We expect LISTA to center its

*The code used in the experiments is available on GitHub:
https://github.com/OisinNolan/geometry_of_lista.

regions around the datapoints, while
ISTA regions should expand infinitely
in all directions as it is not trained on
data. Additionally, LISTA trained with
L1 should display more accurate spar-
sity regions compared to LISTA trained
with L2 loss as the gradient of L2 loss
quickly goes to zero before reconstruc-
tion becomes sparse.

The experimental settings are as
follows: dimensions M =16, N =64,
and K =8. The noise follows a zero-
mean independent identically distrib-
uted (i.i.d.) Gaussian distribution with
0, =0.01. The measurement matrix
A entries are sampled from a zero-
mean i.i.d. Gaussian distribution with
unit variance and the entries are nor-
malized by the matrix’s largest singu-
lar value. Data samples x have sparse
values equal to zero and nonsparse
values uniformly in [1, 2] or [-2, —1],
with the number of nonsparse values
uniformly sampled between k=0
and k=K.

To train LISTA, we use a dataset of
10,000 samples. Each model is trained
for 100 epochs with a batch size of
64 using the ADAM optimizer with
default hyperparameters and either an
L1 or L2 loss. LISTA uses 10 itera-
tions, while ISTA uses 1,024 iterations.

ISTA parameters A and u are set by
grid search on the training set for opti-
mal reconstruction performance (L2).
To calculate knot and decision den-
sities, we generate random paths by
sampling points from the training data-
set and linearly interpolating between
them. Specifically, we construct a path
by selecting a sequence of training
samples and stepping from one point
toward the next using a fixed step size e,
generating intermediate points until the
target is reached. The process then con-
tinues from that point toward the follow-
ing sample, and so on, until the desired
path length is reached. The expecta-
tion is computed by MC sampling of
10 paths, each with 2'¢ (65,536) points
and a step size of 0.001. Additionally,
we estimate the lower bound on the
optimal decision density from (16) to
be = 0.5 using MC sampling.

Quantitative comparison

of ISTA and LISTA

The quantitative results are shown in
Figure 2. Several interesting findings
emerge. First, at 10 iterations, both
LISTA models outperform ISTA in
reconstruction performance. While
ISTA eventually catches up after 1,024
iterations, this comes at a significantly
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FIGURE 2. (a) and (b) A comparison of knot densities p. (14), decision densities p. (15), and test set reconstruction losses. The knot density for

ISTA approaches its numerical maximum under the current sampling resolution (1,000) and is likely even higher in practice. Both LISTA models reach
effective solutions in significantly fewer iterations than ISTA. All three models exhibit similar trends in knot density over iterations, with LISTA L1 showing
a slightly lower overall density. In contrast, decision densities differ more substantially: LISTA L1 achieves the lowest decision density, while LISTA L2
shows a sharp increase in the final iterations, suggesting that LISTA L1 converges to a more optimal number of decision regions.
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higher computational cost. On our
machine (NVIDIA GeForce RTX
2080 Ti), LISTA required approxi-
mately 4 us per inference, compared to
0.3 ms for ISTA. This gain comes at the
expense of memory; LISTA requires
211 MB to store its weights, whereas
ISTA uses only 5 MB. Additionally,
because the LISTA models are trained
only on their final reconstructions,
the intermediate outputs display high
loss that decreases sharply toward the
final iteration. Third, there is a large
gap between knot density and deci-
sion density for all models, showing
that adjacent linear regions are used to
reconstruct the same sparsity, creating
arbitrary differences between them.
Finally, the decision density of all three
models is much larger than the optimal
suggested by (16). However, LISTA L1
comes closest to this optimal, while
training with an L2 loss seems to have
the opposite effect.

Qualitative analysis of

geometric behavior

To qualitatively analyze the produced
geometry, we show the linear regions

LISTA L2

.\ AN

along a 2D slice in the input space
in Figure 3. The plane is construct-
ed from three anchor points using
the procedure detailed in (12) and
(13), with the anchor points selected
from the training data. Specifically,
we use three distinct examples with
sparsity level 1. The same slice is
used for all models.

The top plots in Figure 3(a) reveal
that ISTA initially increases the number
of regions (7' =10) and then collapses
them around the data (7 =1,024).
However, outside the direct paths
between the three anchors, ISTA dis-
plays a large number of regions. LISTA
trained with an L1 loss produces few
large regions around the data at 7 =10
iterations, in contrast to LISTA L2,
which creates many small regions
everywhere.

Figure 3(b) shows the support of the
reconstruction along the 2D slice and
the decision boundaries where the sup-
port changes. Many Jacobian regions
fall within the same support, indicat-
ing similar Jacobians. We hypothesize
that many regions are needed to create
curved decision boundaries, formed by

LISTA L1 ISTA

AT AW =

T=10

1,024

T=

LISTA L2

stacking straight boundaries from the
soft-thresholding nonlinearity.

Furthermore, Figure 3(b) reveals
important differences between the
models. First, because ISTA does not
use trainable parameters, its deci-
sion regions are less curvy compared
to LISTA. The use of the same set of
parameters for ISTA over all iterations
means that to attain decision boundar-
ies of complex geometries, it has to run
for many iterations. The LISTA mod-
els, on the other hand, achieve much
more complicated shapes in a much
shorter time window. Second, the plot
reveals the dramatic effect of the train-
ing loss on the geometry of LISTA.
While the model trained using L2 cre-
ates a large number of decision regions
of high support cardinality, the model
trained using L1 creates few decision
regions of low support cardinality that
coincide with the linear regions found
in Figure 3(a). This indicates that
LISTA L1 creates a geometry closer to
the optimal from (10) and (16). That is,
it groups data of the same support into
the same, or at least a minimal amount
of, linear region(s).

LISTA L1

Support Cardinality

(b)

FIGURE 3. The visualization of (a) projection regions and (b) reconstruction sparsity for the three methods along a 2D input slice. The slice is defined by
three points in the input space R”, selected from the training data, which map to orthogonal 1-sparse vectors in the output space R". These anchor
points are indicated by circular white markers. In (b), color denotes the cardinality of the recovered support (which, under the data distribution, ranges
up to 8), while white lines indicate decision boundaries where the support changes. This figure is best viewed digitally and with zoom. ISTA produces a
geometry aligned with the directions between the three anchor points. In contrast, LISTA L2 forms many small decision regions, while LISTA L1 yields a
simpler structure with larger regions centered around the data.
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Conclusion

We investigated the geometric proper-
ties of ISTA and LISTA, demonstrating
both as CPWL functions and intro-
ducing the expected knot and decision
densities as practical metrics. Contrary
to intuition, our findings indicated that
the highest possible number of knots
is not optimal. Instead, the optimal
MAP solution for sparse reconstruction
depends on the dimensions, particularly
N and K, and involves one linear region
per support. This theoretical optimum
leads to a lower bound on the optimal
decision density and to the fact that the
knot and decision densities should be
equal. In other words, a MAP optimal
model has no gap between its knot and
decision densities, and these densities
are equal to (16).

However, ISTA and LISTA exhibit
a large gap between knot and decision
density, indicating that many CPWL
regions are required to accurately
describe the decision regions while also
revealing suboptimal treatment of sig-
nals with the same support. Our experi-
ments show that ISTA generates many
superfluous regions, whereas LISTA
trained with an L1 loss demonstrates a
smaller gap between knot density and
decision density as well as a decision
density closer to the optimal. The choice
of loss norm significantly impacts LIS-
TA’s geometry; L1 loss produces fewer
and larger support regions, promoting
sparsity, whereas L2 loss creates many
small regions with high support cardi-
nality. The underlying reasons for the
observed gap remain an open question.
Future work could explore how differ-
ent loss functions influence the result-
ing geometry and how these insights
extend to other unrolled architectures,
such as alternating direction method of
multipliers (ADMM) or half-quadratic
splitting (HQS).

In conclusion, both LISTA and ISTA
over-parameterize the problem in terms
of their geometry, with knot and decision
densities much larger than the theoretical
least squares optimum. However, LISTA
L1 shows the smallest gap between its
realized densities and the optimal den-
sities. Our study underscores the advan-
tages of LISTA over ISTA and highlights

the substantial influence of the choice of
training loss.
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